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REAL-VALUED VALUATIONS ON SOBOLEV SPACES 


DAN MA 


Abstract. Continuous, SL(n) and translation invariant real-valued 
valuations on Sobolev spaces are classified. 


1. Introduction 

A function z defined on a lattice (£, V, A) and taking values in an 
abelian semigroup is called a valuation if 

(1) z{f V g) + z(f Ag) = z(f) + z(g) 

for all f,g G C. A function z defined on some subset M. of £ is 
called a valuation on M. if (1) holds whenever f,g,fVg,f/\g € 
A4. Valuations were a key part of Delin’s solution of Hilbert’s Third 
Problem in 1901. They are closely related to dissections and lie at 
the very heart of geometry. Here, valuations were considered on the 
space of convex bodies (i.e. compact convex sets) in M n , denoted by 
JC n . Perhaps the most famous result is Hadwiger’s characterization 
theorem on this space which classifies all continuous and rigid motion 
invariant real-valued valuations. Important later contributions can be 
found in [11,14,27,28]. As for recent results, we refer to [1,2,5-8,10, 
12,13,17,19-21,25,26,30-34,38]. For later reference, we state here 
a centro-affine version of Hadwiger’s characterization theorem on the 
space of convex polytopes containing the origin in their interiors, which 
is denoted by Vfj. 

Theorem 1 ( [9]). A map Z : Vff —>■ M is an upper semicontinuous and 
SL(n) invariant valuation if and only if there exist constants Co, ci, C 2 G 
M such that 

Z (P) = Co + C\ |P| + C 2 P*| 
for all P G Vq , where |P| is the volume of P and 

P* = {x G M n : (x, y) < 1 for all y G P} 
is the polar of P. 
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Valuations are also considered on spaces of real-valued functions. 
Here, we take the pointwise maximum and minimum as the join and 
meet, respectively. Two important functions associated with every 
convex body K in R n are the indicator function and the support 
function h(K , •), where h(K,u) = max{(u,x) : x E K} and (u,x) is 
the standard inner product of u,x E R n . As each of them is in one- 
to-one correspondence with K, valuations on these function spaces are 
often considered to be valuations on convex bodies. 

Valuations on other classical function spaces have been character¬ 
ized since 2010. Tsang [35] characterized real-valued valuations on 
A'-.spaces. 

Theorem 2 ( [35]). A functional z : L p (R n ) -A R is a continuous 
translation invariant valuation if and only if there exists a continuous 
function on R with the property that there exists c > 0 such that 
| h(x) | < c \x\ p for all x E R and 

z(f) = [ ho f 

J K n 

for every f E L p ( R n ). 

Kone [15] generalized this characterization to Orlicz spaces. As for 
valuations on Sobolev spaces, Ludwig characterized the Fisher infor¬ 
mation matrix and the optimal Sobolev body. Throughout this pa¬ 
per, the Sobolev space on R n with indices k and p is denoted by 
hF fc,p (R n ) (see Section 2 for precise definitions) and the additive group 
of real symmetric n x n matrices is denoted by (M”,+). An opera¬ 
tor z : hF 1,2 (R n ) —> (M n ,+) is called GL(n) contravariant if for some 
p E R, 

^(/°0 _1 ) = |det0| p 0 _ ^(/)0 _1 

for all / G hF 1,2 (R n ) and f E GL(n), where det</> is the determinant 
of (j) and denotes the inverse of the transpose of f. An operator 
z : lV 1,2 (R n ) —* (M n ,+) is called affinely contravariant if it is GL(n) 
contravariant, translation invariant, and homogeneous (see Section 2 
for precise definitions). 

Theorem 3 ( [22]). An operator z : lV 1,2 (R n ) —» (M n ,+), where 
n > 3, is a continuous and affinely contravariant valuation if and only 
if there is a constant c E R such that 

z{f) = c f V/®V/ 

Jr n 

for every f E hF 1,2 (R n ). 
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Other recent and interesting characterizations can be found in [3,4, 
24,29,36,37], 

In this paper, we classify real-valued valuations on PF 1,p (R n ). The 
result regarding homogeneous valuations is stated first. Let 1 < p < n 
throughout this paper. Furthermore, we say that a valuation is trivial 
if it is identically zero. 

Theorem 4. A functional z : VF 1,p (R n ) —y R is a non-trivial conti¬ 
nuous, SL(n) and translation invariant valuation that is homogeneous 
of degree q if and only if p < q < and there exists a constant c E R 
such that 


(2) *(/) = c||/n; 

for every f E IT 1,p (R n ). 


It is natural to consider the same characterization without the assump¬ 
tion of homogeneity. It turns out to be more complicated and costs 
additional assumptions. We first fix the following notation. Let C k (M. n ) 
denote the space of functions on R ra that have k times continuous par¬ 
tial derivatives for a positive integer k; let BVi oc ( R) denote the space 
of functions on R that are of locally bounded variation. We denote by 
Q p the class of functions g that belong to PV/ oc (R) and satisfy 


( 3 ) 


g(x) ~ 


0(x p ), as x —> 0; 

np 

0(x" = p), as x —> oo. 


and by B p the class of functions g that belong to C n (R) with ghA E 
5V[ oc (M) and x k g^ k \x) satisfying (3) for each integer 1 < k < n. Let 
P 1,P (M ?1 ) be the set of functions £p with P E Vq that enclose pyramids 
of height 1 on P (see Section 2 for the precise definition). 

Theorem 5. A functional z : hF 1,p (M n ) — )■ R is a continuous, SL(tt,) 
and translation invariant valuation with ^(0) = 0 and s ha z(sf) in 
13 p for s E R and f E P 1,P (R”) if and only if there exists a continuous 
function h E Q v such that 


*(/) 



ho f, 


for every f E IT 1,p (R n ). 

The proofs of Theorem 4 and 5 can be found in Sections 3 and 4, 
respectively. 
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2. Preliminaries 

For p > 1 and a measurable function / : R n — y R, let 

i/p 



ll/ll 


p 


Define L p (R n ) to be the class of measurable functions with ||/|| < oo 
and Lf oc (R n ) to be the class of measurable functions with ||/1a'|| p < oo 
for every compact K C R n . 


A measurable function V/ : R n —> R" 1 is said to be the weak gradient 
of / G L p (R n ) if 



for every compactly supported smooth vector field v : R n —> R", where 
V • v = + • • • + A function / e ^(W 1 ) is said to be of 

bounded variation on M n if there exists a finite signed vector-valued 
Radon measure A on such that 



for every v as mentioned before. A function / e L i 1 oc (R Tl ) is said to be 
of locally bounded variation on R" if / is of bounded variation on all 
open subset of R n . 

The Sobolev space hh 1,p (R n ) consists of all functions / G L P (R”) 
whose weak gradient belongs to L p ( R n ) as well. For each / e kF 1,p (R n ), 
we define the Sobolev norm to be 



where ||V/|| p denotes the L p norm of |V/|. Equipped with the Sobolev 
norm, the Sobolev space hF 1,p (R ri ) is a Banach space. 

Theorem 6 ( [18]). Let {/j} be a sequence in lT’ 1,p (R n ) that converges 
to f G kF 1,p (R ri ). Then, there exists a subsequence {/*.} that converges 
to f a.e. as j —^ oo. 

Furthermore, for 1 < p < n, hF 1,p (R n ) is continuously embedded in 
L q (W l ) for all p < q < p*, where p* = is the Sobolev conjugate 
of p, due to the Sobolev-Gagliardo-Nirenberg inequality stated as the 
following theorem. 

Theorem 7 ( [16]). Let 1 < p < n. There exists a positive constant 
C, depending only on p and n, such that 


ll/ll,. < c'llv/H 


p 
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for all f E 

Remark 8. By Theorem 7, the expression in (2) is well defined. 

For f,g E fF 1,p (M n ), we have fVg, f f\g E bF 1,p (M n ) and for almost 
every x E R n , 


V(fVg)(x) 


and 


V/(*), 

V^(x), 

V/(x) = Vg(x), 


when f(x) > g{x) 
when f(x) < g(x) 
when f{x) = g{x) 


V(/Ag)(i) 


V/(x), 

V^(x), 

V/(x) = Vg(x), 


when f{x) < g{x) 
when f(x) > g{x) 
when f(x) = gix) 


(see [18]). Hence (W 1,p (M n ), V, A) is a lattice. 

Let L 1,p (M n ) C W 1,p (R n ) be the space of piecewise affine functions 
on M”. Here, a function £ : M n — y R is called piecewise affine, if it is 
continuous and there exists a finite number of n-dimensional simplices 
Ai,..., A m C M n with pairwise disjoint interiors such that the restric¬ 
tion of £ to each A* is affine and i = 0 outside Ai U • • • U A m . The 
simplices Ai,..., A m are called a triangulation of the support of t. Let 

V denote the set of vertices of this triangulation. We further have that 

V and the values £(u) for v E V completely determine l. Piecewise 
affine functions lie dense in lF 1,p (M n ) (see [16]). 

For P E Vq, define the piecewise affine function £p by requiring that 
£pi 0) = 1, £ P ix) = 0 for x P, and £p is affine on each simplex with 
apex at the origin and base among facets of P. Define P 1,p (M ri ) c 
L'’ p (IR n ) as the set of all £ P for P E Vq. For <f E GL(n), we have £<pp = 
£ P o 0 -1 . We remark that multiples and translates of £p E P 1,p (M n ) 
correspond to linear elements within the theory of finite elements. 

For P £ Vq, let Pi,..., F m be the facets of P. For each facet Pj, let 
Ui be its unit outer normal vector and Pj the convex hull of Pj and the 
origin. For x E T t , notice that 


£p{x) 


Ui 


KP,Ui) 



+ i 


and 


Ui 

hiP,Ui)' 


vipix) 
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It follows that 


im; = 


\£p\ p dx 


= p t p \{£ P >t}\dt 


= p\P\ t p -\l-t) n dt 

Jo 


where c p>n = 


= c \P\ 

£ ®r 1 = a°d 

\\7£p(x)\ p dx 


11V£ - l|P 


PWp - 


E 


i= 1 '' Ti 


Un. 


h(P, Ui 


dx 


mi 


^ hP{P,Ui) 

1 m 

-y'iF i |/i i -p(p, Ui ) 

n z —* 


2—1 


= S s ’ (p) ’ 


where S p (P) is the p-surface area of P. 

Let z : W 1,p (M n ) —y R be a functional. The functional is called 
continuous if for every sequence fk G bF 1,p (M ri ) with fk —* / as k —* 
oo with respect to the Sobolev norm, we have |z(/fc) — z(/)| —* 0 as 
k —* oo. It is said to be translation invariant if z(f o r _1 ) = z(f ) 
for all / G bF 1,p (M n ) and translations r. Furthermore, we say it is 
homogeneous if for some gel, we have z(sf) = \s\ q z(f) for all / G 
VF 1,p (M n ) and s G M. Finally, we call the functional SL(n) invariant 
if z(f o <f~ l ) = z(f) for all / G fF 1,p (M n ) and G SL(n). Denote the 
derivative of the map s ha z(sf) by 


Dz,(s) = lim ~~ ((« + *)/)-*(*/) 

^ e-s-0 £ 

whenever it exists. 

We provide a set of examples of valuations on hF 1,p (M n ) in the fol¬ 
lowing theorem. 
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Theorem 9. Let h G Q p be a continuous function. Then, for every 
f G bF 1,p (M n ), the functional 



is a continuous, SL(n) and translation invariant valuation. Further¬ 
more, ^(0) = 0 and the map s H > z(sf ) belongs to B p for every seR 
and f G P 1,p (W l ). 

Proof. We can easily prove this theorem by verifying the following dis¬ 
tinguishable properties of the functional. 


1. Valuation. Let f,g G PF 1,p (M n ) and E = {x G M n : f(x) > g(x)}. 
Then 



z(f) + z(g). 


2. Continuity. Let / G H /1,p (M ?l ) and {/*} be a sequence in PF 1,p (M n ) 
that converges to /. For every subsequence {*(/q)} C {z(fi}}, we are 
going to show that there exists a subsequence {z(f, :j )} that converges 
to z(f). Let {fij} be a subsequence of {fi}. Then, { f l:j } converges to 
/ in hF 1,p (M n ). Thus, there exists a subsequence {fi jk } C {/q} with 
—> f a.e. as k oo. Furthermore, since h is continuous, we 
obtain h o fi —y h o / a.e. as k —> oo. Since h satisfies (3), there 

exist 5 > 0 and M x > 0 such that \h(x)\ < Mi \x\ p when \x\ < 5. Let 
Ei = {\f\ < 35/4}. Since f tj —> f a.e. as k —> oo, for such S > 0, 
there exists N\ > 0 such that | f t]k — f \ < 5/4 a.e. whenever k > N\. 
Thus, \fi jk \ < 5 a.e. on E\. Hence, for such k , |h o < Mi\f ijk | p 
a.e. on E x . Since Mi f Ei \fi jk \ p < Mi \\fi :n || p < cxo, by the dominated 
convergence theorem, we have 
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On the other hand, there exist Mq > 0 and M 2 > 0 such that, whenever 
|x| > M 0 , we obtain \h(x)\ < M 2 \x\ p . Let E 2 = {\f\ > 3M 0 /2}. Since 
f ijk —> f a.e. as k —> 00 , there exists N 2 > 0 for such M 0 > 0 such that 
| f ijk — f | < M q /2 a.e. whenever k > N 2 . Thus, \ fi Jk \ > M 0 a.e. on E 2 . 
Hence, for such k, \h o fa \ < M 2 \fi.^\ p a.e. on E 2 . Since 


■jfc 1 


r 


P* 


P* 


Je 2 


< m 2 

f*3k 

< cm 2 

p* 



M 2 

by the dominated convergence theorem, we obtain 

ho f. 


< 00 , 


lim 

k—yoo 


'E 2 


fi = 


>e 2 


Now let E 3 = W l \ (Ei UE 2 ) and N = max {Ah, -/V 2 }. Then, for k > N, 
we have 5/2 < < 2Mq a.e. on E 3 . Thus, for such k, since h is 

continuous, there exists 7 > 0 such that |h o fa \ < 7 \f ijk | a.e. on E 3 . 
Since 


7 


E3 


/, 


Ok 


< 7 


fi 


Ok 


< 7 


fi 


■3k 


< OO, 


again by the dominated convergence theorem, we obtain 


lim 

k—yoo 


I h °fi jk = ho f- 
E3 j E3 


3. SL(n) invariance. Let / G hL 1 ,p (M") and (j) G SL(n). Then 

-(/° 0 _1 )=/ hofo ( j)- 1 =l' h (/ ( 0 _ 1 x)) dx. 

J R" J R n 

By setting y = (j)~ x x, we obtain 

z(f of 1 ) = [ h(f(y))dy 

J R n 

= [ hof = z(f). 

7r" 

4. Translation invariance. Let f G W 1 ,p (R n ) and r be a translation. 
Then 

z(f°T~ 1 )=[ ho f o t^ 1 = f h (/ (r _ 1 x)) dx. 

JR n J R" 

By setting y = r _ 1 x, we obtain 

-(/°^ _1 ) = / h(f(y))dy 


ho f = z(f). 
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5. z(0) = 0. This fact follows from the continuity of z and (3). 

6. Differentiability. Let ip G P 1,p (M n ) where P G Vq. Without loss 
of generality, we assume s > 0. Indeed, set 


h e (x) 


h(x) + h(—x) 
2 


and h°(x) 


h(x) — h(—x) 
2 


for every igK, and the case s < 0 follows from 


z{—sip) = / (h e + h°) o (— sip) 

JR n 

= [ (h e o (-sip) +h °0 (-sip)) 

it" 

= f (h e o (sip) — h° o (sip)). 


Since h G PV/ oc (M), there exists a signed measure z/ on M such that 
h(s) = z/([0 ,s)) for every s > 0 (this can be done by setting v = l[ 0jS ) 
in (4)). By the layer cake representation, we have 


z(s£p) = / h o (sip) 

Jw- 

= f \{s£p > t}\du(t) = \P\ 


s — t 


du(t). 


In other words, we obtain 

(5) s n z(s£ P ) = \P\ ( (s — t) n du(t). 

Jo 

We will now show the differentiability by induction. Let k > 2 and 
ipk(s) be the kth derivative of f*(s — t) n du(t) with respect to s. We 
have 


( 6 ) 




n\ 


(n — k)\ J o 


(s-t) n ~ k du(t). 


In particular, we obtain ij) n (s) = n\h(s). On the other hand, differen¬ 
tiating the left hand side of (5) gives 

ipi(s) \P\ = ns n ~ 1 z(s£ P ) + s n Dz£ p (s). 


By induction, it follows that 

k 


(7) 


Ms) \p\ = 


n\ 


M \j) (' n-k + j)\ 


-k+j jjj 


Zl P (S . 
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In particular, we obtain 




\P\ = n!^ 

3 =0 


n 


. )s ] D 3 z tp {s), 


which coincides with n\ \P\ h(s). Since h is a continuous locally BV 
function, we have the desired differentiability of s ha z(s£p). 

7. Growth condition. First of all, by (5), 

< \P\ I du(t ) 

Jo 

= \P\Ks ) 



satisfies (3). As shown in the previous steps ((6) and (7)), for every 
integer 1 < k < n, 


E 


r*s 


k ' n! s n - k+j D j z e Js)= Ul 1731 ' f ~ * n ~ k - 


\jJ ( n-k + j)\ 


(n — k)\ J 0 


P | / (s-t) n ~ k dv{t). 


That is 

k 


E 


n\ 


\jj ( n-k + j)\ 


—s J D J z ep (s ) = 


n\ 


\P\ 


s — t 


< 


(n — k)\ J 0 V s 

Ti I 


n—k 


du(t) 


also satisfies (3). 


□ 


3. The characterization of homogeneous valuations 

First, we need the following reduction similar to [23, Lemma 8]. We 
include the proof for the sake of completeness. 

Lemma 10. Let z±,Z 2 : L 1,p (R n ) —y R be continuous and translation 
invariant valuations satisfying zi(0) = ^(0) = 0. If z\(sf) = Z 2 (sf) 
for all seR and f G P 1 ’ p (M n ), then 

(8) zi(f) = z 2 (f) 

for all f G L 1,p (R re ). 

Proof. We first make the following four reduction steps for (8). 
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1. We begin by considering all / G L 1,p (JBL n ) that are non-negative. 
Since z\ and z 2 are valuations satisfying zi(0) = z 2 (0) = 0, we have for 
* = 1,2, 

Zi{f V 0) + Zi(f A 0) = Zi(f ) + Zi( 0) = Zi(f). 

For i — 1,2, let 

„e( ^ _ Zi(f) + Zi(-f) ^ _ Zi(f ) - Zi(-f) 

Z i\J) 2 ‘ ^ w / 2 

and hence Zi(f) = zf(f) + z°(f) for all / G L 1,p (M n ). Therefore, we 
have 

zKf A 0) = (-((-/) A 0)) = ((-/) A 0) 

and 

z°(f A 0) = (-((-/) A 0)) = ((-/) A 0). 

Thus, it suffices to show that (8) holds for all non-negative / G L 1,p (JS, n ). 

2. Next, let / G L 1,p (M n ) where the values f(y) are distinct for v G V 
with f(v) > 0. Let / not vanish identically and S be the triangulation 
of the support of / in n-dimensional simplices such that f\ A is affine 
for each simplex A G S. Denote by V the (finite) set of vertices of S. 
Note that / is determined by its value on V. By the continuity of z\ 
and z 2 , we have the reduction as there always exists an approximation 
of / by g G L 1,p (M n ) where the values g{y) are distinct for v G V with 
g{y) > 0. 

3. We now consider all / G L 1,p (W . n ) that are concave on their 
supports. Let fi, ■ ■ ■, f m G L 1,p (M n ) be non-negative and concave on 
their supports such that 

(9) / = h V • • • V f m - 

For i — 1,2, by the inclusion-exclusion principle, we obtain 

Zi(f) = Zi(f i V • • • V f m ) = ^(-l) |J|_1 ^(/j), 

j 

where J is a non-empty subset of {1,..., m} and 

fj = fh A • • • A f jk , 

for J = {ji, ■ ■ ■, jk}- Indeed, such representation in (9) exists. We 
determine the s by their value on V. Set fi(v) = f(v) on the vertices 
v of the simplex A j of S. Choose a polytope P, L containing A* and set 
fiiy) = 0 on the vertices v of Pi. If the P^s are chosen suitably small, 
(9) holds. The reduction follows since the meet of concave functions is 
still concave. 

4. Then take all functions / G L 1,p (M n ) such that F defined be¬ 
low, is not singular. Given a function / G L 1,p (M n ), let F C R n+1 
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be the compact polytope bounded by the graph of / and the hyper¬ 
plane {x n+ i =0}. We say F is singular if F has n facet hyperplanes 
that intersect in a line L parallel to {x n+ \ = 0} but not contained in 
{x n+ i = 0}. Similar to the second step, by continuity of z\ and z 2 , it 
suffices to show (8) for / e L 1,p (M n ) such that F is not singular. 

Let a function / satisfying reduction steps 1-4 be given. Denote by 
p the vertex of F with the largest x n+ \ -coordinate. We are now going 
to show (8) by induction on the number m of facet hyperplanes of F 
that are not passing through p. In the case m = 1, a scaled translate 
of / is in P 1 ,p (M n ). Since Z\ and z 2 are translation invariant, equation 
(8) holds. Let m > 2. Further let po = (xo,f(xo)) be a vertex of F 
with minimal x n+ \ -coordinate and Hi ,..., Hj be the facet hyperplanes 
of F through p 0 which do not contain p. Notice that there exists at 
least one such hyperplane. Write F as the polytope bounded by the 
intersection of all facet hyperplanes of F other than H\,.... H r Since 
F is not singular, F is bounded. Thus, there exists an / G L 1,p (M. n ) 
that corresponds to F. Note that F has at most (m — 1) facet hy¬ 
perplanes not containing p. Let Hi,..., II, be the facet hyperplanes 
of F that contain p 0 . Choose hyperplanes H i+ 1 ,..., Hk also contain¬ 
ing po such that the hyperplanes Hi,... ,Hk and {x n+ \ = 0 } enclose a 
pyramid with apex at p 0 that is contained in F and has x 0 in its base 
with H\,..., H t among its facet hyperplanes. Therefore, there exists a 
piecewise affine function £ corresponding to this pyramid. Moreover, 
a scaled translate of £ is in P 1 ,p (M n ). We also obtain that a scaled 
translate of l = f A £ is in P 1,p (R n ). To summarize, scaled translates 
of i and £ are in P 1 ,P (M”), the polytope F has at most (m — 1) facet 
hyperplanes not containing p, and 

/ V £ = f and / A £ — £. 

Applying valuations zi and z 2 , we have, for i — 1, 2, 

Zi(f ) + *(£) = Zi(f ) + Zi(£). 

Thus, the induction hypotheses yields the desired result. □ 

The classification will also make use of the following elementary fact. 

Remark 11. Let / and g be functions on M. If f(x) ~ o (g{x)h(x)) as 
x —)■ 0, for each function h on R with liin x ^o h(x) = oo, then 

f(x) r^j 0(g(x)) as x —» 0. 

This can be seen by the following simple argument. Suppose | f(x)/g{x) | 
oo as x —y 0. Let h — \ \f/g\- It is clear that h(x) —> oo as x —> 0. 
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But now 

|/ 0 )/ (g(x)h(x))\ = \J\f{x)/g(x)\ = h(x ) -A oo as x -A 0 , 

which yields a contradiction. A similar argument also works for the 
limit as x —> oo. 


Lemma 12. Let z : L 1,p (M. n ) —y M be a continuous, SL(n) and transla¬ 
tion invariant valuation with z(0) = 0. Then there exists a continuous 
function c : M —> M satisfying (3) such that 

z(sdp) = c(s) \P \, 
for every and Ep G P 1 ,p (M n ). 


Proof. Similar to the proof of Lemma 5 in [23]. Define the functional 
Z : Pq —* R by setting 

Z{P) = z(s£ P ), 

for every s E M and ip G P 1,p (M. n ). If Ep,Iq G P 1 ,p (M”) are such that 
fpV Eq G P 1,p (M n ), then E P \J Eq = Epuq and Ep A Eq = Ep n Q. Since z 
is a valuation on L 1,p (M ?l ), it follows that 

Z(P) + Z(Q) = z(sEp) + z(sEq) 

= z(s(Ep V Eq)) + z(s(Ep A Eq)) 

= Z(P U Q) + Z(P n Q), 


for P, Q, P U Q G Vq. Thus, Z : Pg —* M is a valuation. 

By Theorem 1, there exist c 0 ,ci,c 2 G M depending now on s such 
that 

(10) z(sEp) = co(s) + ci(s) |P| + c 2 (s) |P*|, 

for all s G M and Ep G P 1,p (R n ). We now investigate the behavior 
of these constants by studying valuations on different sEp’s and their 
translations, for sGi 
We start with Co and c 2 . 

Example 1. Let P G Vf. Take translations T\,... ,Tf. such that 
the 0jP’s are pairwise disjoint, where 0*P = Ti{P/k l ). Consider the 
function //,, = s (Efap V • • • V E<p k p), s G M. Then, we have 


II fk 


p 

p 



f {tpih 1 *)) 1 

i= i hi? 


dx 


k p k 

s| p k~ in E P P = |s| p ||^p||p k~ tn —y 0 as k —> oo. 

i= i •' P i= 1 
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Further, 

k k 

iivaiij = \»\ r i 21 i^r = N"E/ |vtw,- 1 )l p 

i=l •'fcP i= 1 J<t>i p 

= w p £ / kr‘v«p(c^)r^=ki p E fc<p f jvMc 1 *) r 

i=l j=l 

k 

= \ s \ p j2 k ~ i{n ~ p) \\^^p\\ p p^° ask ^°°- 

i =1 

Thus, f k —> 0 in VF 1,p (M n ) as k —> oo. 

By the translation invariance of 2 and (10), we have 


z (fk) — YXstp,*) ~ f c o( s ) + |-P| + c 2 (g)fc“' |P 

i=l i=l ' ' 

fc k 

= fcc 0 (s) + ci(s) |P| /c _m + c 2 (s) |P* > ^ fc m —> 0 as fc —>■ oo. 

i=l i=l 

Therefore, c 2 (s) has to vanish as the geometric series diverges, as well 
as co(s), for every sgR. 

Now, let’s further determine C\ by two different examples. 

Example 2. For each function / with lim x ^ 0 f(x) = oo, let P £ Pq 

and Pfc = P (fc p //(l/fc))™, for k = 1,2,.... Then, we have 

¥p k / k \\ P p = c n,pk~ p \P k \ = c n , p |P| / f{l/k) -A 0 as k -A- oo 

and 

||V^/A:||J = ife-P5 p (P fc ) = ^(P)^ (f(l/k))^ ^ 0 as oo. 

Thus, £p k /k —> 0 in PF 1 ,p (M n ) as k —> oo. 

By (10), we obtain 

z (£p k /k) = Ci(l/k)k p |P| //(1/P) —» 0 as k —> oo. 

Therefore, ci(1/P) ~ o(f(l/k)/k p ) as k —>■ oo. Similarly, considering 
— £p k /k , we obtain the same estimate as i —> 0 _ . Hence, c\(x) ~ 
o(x p f(x )) as x — > 0. It follows that C\(x) ~ 0(x p ) as x — > 0 via 
Remark 11. 

Example 3. For each function / with lim^oo f(x) = oo, let P £ Pq 
and p,. = Pf (k p * f(k)) n , for k — 1, 2,.... Then, we have 

ll^pjp = |Pfc| = c n , p P- p * (/(P )) —1 |P| -A 0 as fc -A oo 
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and 


me Pk \Z = -k p S p (P k ) = -S p (P) (, f{k ))^ -A 0 as k -A oo. 
p n n 

Thus, k£p k -A- 0 in W 1,p (M n ) as k —> oo. 

By (10), we obtain 

z ( k£p k ) = ci (k) k~ p (/(A;)) -1 \P\ —> 0 as k —> oo. 

Therefore, ci ( k ) ~ o(k p * f(k)) as k — * oo. Similarly, considering — Mp k , 
we obtain the same estimate as x —* —oo. Hence, ci(x) ~ o(x p *f(x )) 
as x -)• oo. It follows that ci(x) ~ 0(x p *) as x —> oo via Remark 
11 . □ 


Now we are ready to prove the result on homogeneous valuations. 


Proof of Theorem f. The backwards direction has already been shown 
in Theorem 9. 

We now consider the forward direction. In the light of Lemma 10, it 
suffices to consider the case f = sip for every s£l and fp 6 P 1,p (M. n ). 
In this case, due to Lemma 12, there exists a continuous function c : 
M —> R satisfying (3) such that 

(11) z(sip) = c(s ) \P\ 

for every s G R and ip E P 1,p (M. n ). On the other hand, by homogeneity, 
there exists a constant c G M such that 

( 12 ) z(sip) = c |s|' ; |P| 

for every s 6 R and ip G P 1 ,p (M n ). Formulas (11) and (12) yield 

(13) c(s) = c jsl 9 

for every sGR. 

For q < p or q > p*, since c(s) satisfies (3), which is impossible with 
the expression (13), we have c = 0. It follows that z(sip) = 0 for every 
sGl and ip G P 1 ,P (M"). 
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For p < q < p*, set c = ( n + q )c. By properties of the beta and the 
gamma function and the layer cake representation, we have 

n I n q\ l 

cis) = clsl 


Thus, 


cq |s 
cq | s 


n + q 
Q 

q T{q)T(n + 1) 
r(n + q + 1) 

q [ t q ~ l (l-t) n dt 


I o 


■ i 


= cq (|s|t) 9 1 (l — t) n d\s\t 


i o 


’hi 


= cq t q 


■M 


-i 


s — t 


dt. 


c(s) |P| = cq t q \{\s\£ P > t}\dt 


— c (|s| £p(x)) q dx 
J R n 

= c\\s£ P \\ q 


□ 


4. A MORE GENERAL CHARACTERIZATION 

We finish the proof of Theorem 5 by the following crucial represen¬ 
tation. 

Lemma 13. Let the functional z : L 1,p (M n ) —* M satisfy 2 ( 0 ) = 0 and 
let s ha z(sf) belong to B p for s 6 l and £ P E P 1 ,p (M n ). If there exists 
a continuous function c : R —> M. satisfying (3) such that 

z(s£p) = c(s) |P|, 

for every s 6 M and £p e P 1 ,p (M n ), then there exists a continuous 
function h e Q p such that 

z{s£p) = f h o (s£p). 

Proof. It suffices to consider the case s > 0. Since there exists a con¬ 
tinuous function c : M —* M satisfying (3), such that 
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we have 

Dz ip (s ) = c'(s ) |P|. 

It follows that c(s) is continuously differentiable in the usual sense. 
Hence c(s) G C n (M), due to s ha z(sf) belonging to C n (M) for every 
s G M and / G P 1,p (R n ). Moreover, 

(14) D a z ep (s)=c^(s)\P\, 

for every non-negative integer a < n and G BVi oc (R). 

Now, let 



We show by induction that there exists a signed measure v on M such 
that 

Since c G (7 n (M) and c ^ G BVi oc (R), there exists a signed measure v 
on M such that h(s) = v([ 0, s)) for every s > 0. Let hi(s) = h(x)dx. 
Then, by Fubini’s theorem, we obtain 



Let k > 2 and hk(s) = f* h k -i(x)dx. Assume hk(x) = ^ Jq(x — 
t) k dv(t). Applying Fubini’s theorem again gives 

■y PS PX 

h k+1 (s) = — J J (x - t) k dv{t)dx 

(.x — t) k dxdu(t) 

= 

Thus, in particular, we have 

K{s) = J o t) n dv(t). 
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On the other hand, by (15), we have 


h(x) = c(x) + —^x n c^ n \x) + ^ ~7 ( 1 ^ x ^ c ^\ x ) 

sK" j 1 ) i3cU>w+ s (ttt^C ; y +i ^) 


j =0 

n —1 




Hence, 


n—1 


hi(s) = 2 %)ch = (J^T)j ( n J 1 ) si+lc(i) (s). 


Assume that hfc(x) = J2'j =0 Tjyyyr (A A ) x ]+k (P' ! (x). Similarly, we obtain 


h k (x) = ^rx k c(x) + —x n c^ k \x) 
k\ n\ 


n—k—l 1 

— 

jy (i + k)\ VV 3 


3 

n—k—l 


n — k — l\ (n — k — l 


j ~ 1 


x j+k c v '(x) 




1 (n-k-l\ J+k+l 


(j + k+l)\\ j 


x J 1 c 


(i+D( x ) 


n— k—1 

+ E 


It follows that 


n—(fc+l) 




S J c w/ s 


3=0 
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Thus, in particular, we have h n (s) = ^s n c(s ). Therefore, by the layer 
cake representation, we have 



Furthermore, for fixed P G Vq, 

s k D k z tp (s) = s k c {k \s ) |P 


satisfies (3) for every integer 0 < k < n. Therefore, as defined in (15), 


h also satisfies (3). 


□ 


Theorem 5 follows as an immediate corollary of Theorem 9 and Lem¬ 
mas 10, 12, and 13. 
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